The objective of the present work is to investigate theoretically the effects of thermal radiation and the nonlinear
INTRODUCTION
Convective flow in porous media has been widely studied in recent years due to its wide applications in engineering as geophysical thermal and insulation engineering, design of pebble-bed nuclear reactors, ceramic processing, crude oil drilling, geothermal energy conversion, use of fibrous material in the thermal insulation of buildings, catalytic reactors and compact heat exchangers, heat transfer from storage of agricultural products which generate heat as a result of metabolism, petroleum reservoirs, storage of nuclear wastes, etc. The derivation of the empirical equations which govern the flow and heat transfer in a porous medium has been discussed by Vafai (2000) , Ingham and Pop (1998, 2000) , Pop and Ingham (2001) , and Nield and Bejan (2006) . Also, the thermal radiation heat transfer effects on natural convection flow in porous media are very important in the context of space technology and processes involving high temperatures, and very little is known about the effects of radiation on the boundary layer flow of radiating fluid past a body. Recent developments in hypersonic flight, missile reentry, rocket combustion chambers, power plants for interplanetary flight, and gascooled nuclear reactors have focused attention on thermal radiation as a mode of energy transfer and have emphasized the need for an improved understanding of radiative transfer in these processes. Takhar et al. (1995) investigated the radiation-convection gas flow in a non-Darcy porous medium with viscous heating effects. Yih (1999) studied the effect of radiation on the heat transfer characteristics in natural convection over an isothermal vertical cylinder embedded in porous medium. Nagaraju et al. (2001) examined the combined radiative and convective heat transfer in a medium with variable porosity. The effect of thermal radiation on steady natural convection in a viscoelastic-fluid saturated non-Darcian porous medium was studied by Chamkha et al. (2004) . Chamkha et al. (2004) studied the free convection from a vertical cylinder embedded in a porous medium. EL-Hakiem and Rashad (2007) investigated the effect of temperature-dependent viscosity on the non-Darcy natural convection flow over a vertical cylinder saturated porous medium. EL-Kabeir et al. (2008) have studied the effect of thermal radiation on the combined heat and mass transfer on MHD non-Darcy free convection about a horizontal cylinder embedded in a saturated porous medium. Rashad (2008) examined the effect of thermal radiation on heat and mass transfer by natural convection in fluid over a vertical flat plate embedded in porous medium. Rashad (2009) has also used the perturbation technique to analyze the radiative effect on free convection flows in porous medium in the presence of pressure work and viscous dissipation. Chamkha et al. (2011a) studied the effect of radiation on combined heat and mass transfer by non-Darcy natural convection about an impermeable horizontal cylinder embedded in porous medium.
It is well known that conventional heat transfer fluids, including oil, water, and ethylene glycol mixture, are poor heat transfer fluids, since the thermal conductivity of these fluids plays an important role on the heat transfer coefficient between the heat transfer medium and the heat transfer surface. An innovative technique for improving heat transfer by using ultrafine solid particles in the fluids has been used extensively during the last several years. The term nanofluid refers to these kinds of fluids by suspending nanoscale particles in the base fluid and has been introduced by Choi (1995) . Use of metallic nanoparticles with high thermal conductivity will increase the effective thermal conductivity of these types of fluid remarkably. Duangthongsuk and Wongwises (2008) studied the influence of thermophysical properties of nanofluids on the convective heat transfer and summarized various models used in literature for predicting the thermophysical properties of nanofluids. Thermal instability in a porous medium layer saturated by a nanofluid was investigated by Nield and Kuznetsov (2009a,b) . They have also examined the natural convective boundary-layer flow of a nanofluid past a vertical plate. Chamkha et al. (2011b) presented nonsimilar solution for natural convection past a sphere embedded in a porous medium saturated by a nanofluid. Gorla et al. (2011a) have studied the boundary layer flow of a nanofluid on a stretching circular cylinder in a stagnant free stream. Gorla et al. (2011b) have also analyzed the mixed convection past a vertical wedge embedded in a porous medium filled by a nanofluid. The problem of the natural convection boundary layer of a non-Newtonian fluid about a permeable vertical cone embedded in a porous medium saturated with nanofluid has been performed by Rashad et al. (2011) . Chamkha et al. (2011c) analyzed the effect of melting on unsteady hydromagnetic flow of a nanofluid past a stretching sheet. Chamkha et al. (2012b) analyzed the effect of radiation on boundary-layer flow of a nanofluid on a continuously moving or fixed permeable surface. A numerical study on natural convection from a vertical permeable cone in nanofluid saturated porous media has been investigated by Chamkha and Rashad (2012) . Chamkha et al. (2012b) have investigated the radiation effect on mixed convection along cone and wedge embedded in a porous medium filled with a nanofluid. Rashad et al. (2013) investigated the mixed convection flow of non-Newtonian fluid from vertical surface saturated in a porous medium filled with a nanofluid. Chamkha et al. (2013a) have recently studied transient natural convection flow of a nanofluid over a vertical cylinder.
The present paper analyzes non-Darcy natural convection flow along a vertical cylinder embedded in a porous medium saturated with nanofluids in the presence of thermal radiation and inertia effects. The main goal of the study is to extend the problem considered by Yih (1999) to the case when the porous medium is saturated by a nanofluid instead of a Newtonian fluid. To the best knowledge of the authors, no such research has been reported previously in the literature. The paper is focused on the effects of solid volume fraction of the nanoparticles, Ergun number (inertial parameter), the transverse curvature parameter, the conduction-radiation parameter, the surface temperature excess ratio, and nanoparticle type on non-Darcy natural convection from a vertical cylinder embedded in a porous medium saturated with nanofluids. The study is motivated by the practical applications of the results which can be used for optimal designs of heat transfer equipment; see Ding et al. (2007) and Sharma (2010) .
MATHEMATICAL FORMULATION
Consider the problem of steady laminar two-dimensional natural convection flow of a nanofluid from a vertical cylinder embedded in a porous medium. The physical model under present study with the system of coordinates is sketched in Fig. 1 , where x and r are coordinates measured along and normal to the cylinder surface, respectively. It is assumed that the cylinder is heated to a constant temperature, T w , which is higher than that the temperature, T ∞ of the ambient nanofluid-saturated porous medium, in order to study the nanofluid model proposed by Talebi et al. (2010) along with the non-Darcy law following Ergun (1952) . The nanofluid is considered to be a gray, absorbing-emitting radiation but nonscattering medium and the Rosseland approximation is used to describe the radiative heat flux in the energy equation. The physical properties of the nanofluid are considered to be constant except for the density variation in the body force term of thermo-momentum equation which is satisfied by Boussinesq's approximation. With these assumptions, the system of equations governing the two-dimensional motion of a nanofluid is expressed as follows:
FIG. 1: Physical model and coordinate system
The appropriate boundary conditions for the governing equations are
where u, v are the velocity components in the x and r directions, g is the is the gravitational acceleration, T is the nanofluid temperature, r 0 is the radius of the vertical cylinder, K is the permeability of porous medium, K * is the inertial coefficient in the Ergun model, q r is the radiative heat flux in the r direction, ρ nf is the effective density of the nanofluid, µ nf is the effective dynamic viscosity of the nanofluid and α nf is the thermal diffusivity of the nanofluid, (ρC p ) nf is the heat capacitance of nanofluids, (ρβ) nf is the thermal expansion coefficient of the nanofluid, which are defined as (Talebi et al., 2010) 
Here, ϕ is the solid volume fraction parameter, µ f is the dynamic viscosity of the basic fluid, β f and β s are the thermal expansion coefficients of the base fluid and nanoparticle, respectively, ρ f and ρ s are the densities of the basic fluid and nanoparticle, respectively, k nf is the effective thermal conductivity of nanofluid, which is given as;
where k s is the thermal conductivity of the nanoparticles and k f is the thermal conductivity of base fluid. The radiation heat flux term is simplified by the Rosseland diffusion approximation proposed by Siegel and Howell (1972) and is given as;
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with σ the Stefan-Boltzmann constant and β R the Rosseland extinction coefficient. The term 16σT 3 /3β R can be considered as the radiative conductivity. The limitation to the use of the Rosseland diffusion approximation should be recognized. It is valid in the interior of a medium, is not employed near the boundaries, and is good only for intensive absorption, that is, for an optically thick boundary layer. The approximation cannot provide a complete description of the physical situation near the boundaries since it does not include any terms for radiation from the boundary surface. However, the boundary surface effects are negligible in the interior of an optically thick region since the radiation from the boundaries is attenuated before reaching the interior.
Note that the continuity equation is automatically satisfied by defining the modified stream function such that ru = (∂ψ/∂r), rv = − (∂ψ/∂x), and introduce the following nondimensional variables:
Equations (1)-(3) take the following nondimensional form:
and the boundary conditions become as follows:
The system of equations (10) and (11) with the boundary conditions (12) reduces to the equations of a Darcy free convection flow of Newtonian fluid over an isothermal vertical cylinder saturated porous medium, when R d → ∞, ϕ = 0, and Er = 0; this case has been studied by Yücel (1984) and Bassom and Rees (1996) . The nondimensional equations (10) and (11) with the boundary conditions (12) when ϕ = 0 and Er = 0 reduce to the equations of a Darcy free convection flow of Newtonian fluid over an isothermal vertical cylinder saturated porous medium in the presence of radiation interaction, which has been investigated by Yih (1999) and when ϕ = 0 (regular Newtonian fluid), this case has been studied by ELHakiem and Rashad (2007) .
The engineering design quantity of physical interest is the local Nusselt number, which is given by
where q w is the rate of heat transfer at the surface of the cylinder, which is given by;
Substituting Eq. (14) into Eq. (13), we obtain
NUMERICAL METHOD
The nonsimilar equations (10) and (11) are nonlinear and possess no analytical solution and must be solved numerically. The efficient, iterative, tri-diagonal, implicit finite-difference method discussed by Blottner (1970) has proven to be adequate for the solution of such equations. The equations are linearized and then discretized using three point central difference quotients with variable step sizes in the η direction and using two-point backward difference formulae in the ξ direction with a constant step size. The resulting equations form a tri-diagonal system of algebraic equations that can be solved by the wellknown Thomas algorithm (see Blottner, 1970) . The solution process starts at ξ = 0 where Eqs. (10) and (11) are solved and then marches forward using the solution at the previous line of constant ξ until it reaches the desired value of ξ. Due to the nonlinearities of the equations, an iterative solution with successive over-or underrelaxation techniques is required. The convergence criterion required that the maximum absolute error between two successive iterations be 10 −6 . The computational domain was made of 196 grids in the η direction and 1001 grids in the ξ direction. A starting step size of 0.01 in the η direction with an increase of 1.036 times the previous step size and a constant step size in the ξ direction of 0.01 were found to give very accurate results. The maximum value of η (η ∞ ) which represented the ambient conditions was assumed to be 275. The step sizes employed were arrived at after performing numerical experimentations to assess grid independence and ensure accuracy of the results.
The accuracy of the aforementioned numerical method was validated by direct comparisons with the numerical results reported earlier by Yücel (1984) , Bassom and Rees (1996) , Yih (1999) , and EL-Hakiem and Rashad (2007) for various values of ξ in the absence of thermal radiation effects and inertia effects of the porous medium (R d → ∞, Er = 0) for a regular Newtonian fluid (ϕ = 0.0). 
RESULTS AND DISCUSSION
Numerical computations are being carried out to obtain the flow and heat transfer characteristics with nanoparticles for several values of the governing parameters such as the Ergun number Er, the solid volume fraction parameter ϕ, the transverse curvature parameter ξ, the conductionradiation parameter R d , and the surface temperature excess ratio H at Ra = 1.0. Moreover, the problem is formulated so that we can consider different types of nanoparticles (e.g. Cu, Ag, Al 2 O 3 , TiO 2 ) and water as a base fluid. However, in order to save space, we have considered here only the case of Al 2 O 3 nanoparticles. The corresponding thermophysical properties (Talebi et al., 2010) of the fluid and nanoparticles are listed in Table 2 .
Figures 2 and 3 present the effects of the conductionradiation parameter R d and Ergun number Er on the dimensionless velocity f ′ (ξ, η) and the temperature of nanofluids θ(ξ, η), respectively. According to the definition in Eq. (9), the effect of conductive radiation becomes more significant as R d = 0 and can be neglected when 
Therefore, the decreasing of the thermal radiation parameter R d produces significant increase in the thermal state of the fluid, causing its temperature to increase. Through the buoyancy effect, this increase in the nanofluid temperature induces more flow in the boundary layer, causing the velocity of the nanofluid there to increase. These trends clearly depict that both the velocity and temperature of nanofluid increase as R d decreases. This result was expected according to the formulation of conduction-radiation parameter in Eq. (9), that the radiation decreases as thermal conductivity of the base fluid decreases, which leads to enhancement in the rate of radiative heat transferred to the nanofluid and hence, the nanofluid temperature increases. It is well known that the presence of the inertia effect of porous medium (Ergun number) in the flow presents an obstacle to flow, causing the flow to move slower and the nanofluid temperature to increase. Therefore, it is clear from Fig. 2 that an increase in the value of the porous medium inertia parameter leads to a decrease in the fluid velocity, which occurs at the cylinder surface. This decrease in the fluid velocity takes place because, when the porous medium inertia effect is increased, the form drag of the porous medium is increased. Moreover, it is observed that the nanofluid temperature profiles in the boundary layer increase owing to the increase in the value of Ergun number Er and, as a result, the thermal boundary layer becomes thicker as presented in Fig. 3 . Figure 4 displays the local Nusselt number Nu of radiation with the thermal boundary layer, and consequently the heat absorption intensity of the nanofluid increases. Also, the porous medium inertia effect constitutes a strong resistance to flow. However, increasing Ergun number Er boosts the Forchheimer inertial drag, which slows down the flow in the medium. Therefore, the temperature gradient is seen to be reduced considerably as Er increases, and consequently the local Nusselt number is reduced, as shown in Fig. 4 . cess ratio H, respectively. It is found that an increase of the nanoparticle volume fraction parameter ϕ leads to decrease the velocity profiles and to increase the temperature of the nanofluid and thermal boundary thickness. The reason for this result is that when the volume fraction of nanofluid increases, the thermal conductivity increases, and then the thermal boundary layer thickness increases. This is in agreement with the physical behavior since the temperature of the base fluid (ϕ = 0) is lower than the temperature of the nanofluid since the thermal conductivity of the base fluid increases with the mixture of the solid nanoparticles (see Table 2 ). Moreover, it is also observed that both the velocity and temperature profiles are enhanced with an increase of the values of the surface temperature excess ratio H, and the local Nusselt number increases with increasing in the values of H. This is because a higher value of H implies higher values of wall temperature or lower value of T ∞ . Consequently, the temperature gradient and hence Nusselt number increase as shown in Fig. 7 . This phenomenon is true even in the presence of nanofluid particle volume fraction ϕ, which, in turn, that the local Nusselt number Nu x Ra −1/2 x increases as the nanoparticle volume fraction parameter ϕ increases. These behavior trends are clearly depicted in Fig. 7 .
Figures 8 and 9 depict the effect of transverse curvature parameter ξ on the dimensionless velocity f ′ (ξ, η) and the temperature of nanofluids θ(ξ, η), respectively, for different types of nanoparticles (e.g., Cu, Ag, Al 2 O 3 , TiO 2 ) and water as a base fluid. In view of this explanation, it is noticed that the velocity of the nanofluid (Cuwater, Ag-water) increases significantly as compared to the nanofluid (Al 2 O 3 -water, TiO 2 -water). This is associ- . Both the velocity and temperature of nanofluid along the cylinder surface increased with increasing the transverse curvature parameter ξ and this effect is reversed with the thickening of momentum and thermal boundary layers. However, the local Nusselt 
CONCLUSIONS
A numerical study has been performed to investigate the effect of thermal radiation on boundary-layer flow and heat transfer by non-Darcy natural convection along a vertical cylinder embedded in a porous medium saturated with nanofluids. A model is developed to analyze the behavior of nanofluids taking into account the solid volume fraction parameter. The cylinder surface is maintained at a constant temperature and the Rosseland approximation is used to describe the radiative heat flux in the energy equation. The resulting governing equations are nondimensionalized and transformed into a nonsimilar form and then solved numerically by an efficient implicit finitedifference method. Comparisons with previously published work are performed and excellent agreement is obtained. Numerical results for the velocity, temperature, and the local Nusselt number were reported graphically. The results indicate that the porous medium inertia effect constitutes a strong resistance to flow, thus it is found that the local Nusselt number reduced as the inertia parameter (Ergun number) increased. Moreover, the local Nusselt number increased due to increases in either the transverse curvature parameter or the surface temperature excess ratio. Also, the presence of nanoparticle volume fraction leads to enhance the local Nusselt number. However, the results show that the presence of nanoparticles causes a substantial increase in the heat transfer rate. Thus, it was found that the nanoparticles with a higher thermal conductivity (such as Ag and Cu) produce a greater enhancement in the rate of heat transfer (compared to Al 2 O 3 and TiO 2 ). It is hoped that the present work will serve as a stimulus for needed experimental work on this problem.
